Abstract. Vaisman manifolds are strongly related to Kähler and Sasaki geometry. In this paper we introduce toric Vaisman structures and show that this relationship still holds in the toric context. It is known that the so-called minimal covering of a Vaisman manifold is the Riemannian cone over a Sasaki manifold. We show that if a complete Vaisman manifold is toric, then the associated Sasaki manifold is also toric. Conversely, a toric complete Sasaki manifold, whose Kähler cone is equipped with an appropriate compatible action, gives rise to a toric Vaisman manifold. In the special case of a strongly regular compact Vaisman manifold, we show that it is toric if and only if the corresponding Kähler quotient is toric.
Introduction
Toric geometry has been studied intensively, as manifolds with many symmetries often occur in physics and also represent a large source of examples as testing ground for conjectures. The classical case of compact symplectic toric manifolds has been completely classified by T. Delzant [10] , who showed that they are in one-to-one correspondence to the so-called Delzant polytopes, obtained as the image of the momentum map. Afterwards, si
Kähler metric. The differentials of the logarithms of the conformal factors glue up to a well-defined closed 1-form, called the Lee form. We are mostly interested in the special class of so-called Vaisman manifolds, defined by the additional property of having parallel Lee form. By analogy to the other geometries, we introduce the notion of toric locally conformally Kähler manifold. More precisely, we require the existence of an effective torus action of dimension half the dimension of the manifold, which preserves the holomorphic structure and is twisted Hamiltonian. I. Vaisman [27] introduced twisted Hamiltonian actions and they have been used for instance by S. Haller and T. Rybicki [18] and by R. Gini, L. Ornea and M. Parton [15] , where reduction results for locally symplectic, respectively locally conformal Kähler manifolds are given, or more recently by A. Otiman [24] .
Vaisman geometry is closely related to both Sasaki and Kähler geometry. In fact, a locally conformally Kähler manifold may be equivalently defined as a manifold whose universal covering is Kähler and on which the fundamental group acts by holomorphic homotheties. For Vaisman manifolds, the universal and the minimal covering are Kähler cones over Sasaki manifolds, as proven in [25] , [16] . On the other hand, in the special case of strongly regular compact Vaisman manifolds, the quotient by the 2-dimensional distribution spanned by the Lee and anti-Lee vector fields is a Kähler manifold, cf. [26] .
The purpose of this paper is to make a first step towards a possible classification of toric Vaisman, or more generally, toric locally conformally Kähler manifolds, by showing that the above mentioned connections between Vaisman and Sasaki, respectively Kähler manifolds are still true when imposing the toric condition. For the precise statements of these equivalences, we refer to Theorem 4.9, Theorem 4.11 and Theorem 5.1.
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Preliminaries
A locally conformally Kähler manifold (shortly lcK) is a conformal Hermitian manifold (M 2n , [g], J) of complex dimension n ≥ 2, such that for one (and hence for all) metric g in the conformal class, the corresponding fundamental 2-form ω := g(·, J·) satisfies: dω = θ ∧ ω, with θ a closed 1-form, called the Lee form of the Hermitian structure (g, J). Equivalently, there exists an atlas on M , such that the restriction of g to any chart is conformal to a Kähler metric. In fact, the differential of the logarithmic of the conformal factors are, up to a constant, equal to the Lee form. It turns out to be convenient to denote also by (M, g, J, θ) an lcK manifold, when fixing one metric g in the conformal class. By ∇ we denote the Levi-Civita connection of g.
We denote by θ ♯ the vector field dual to θ with respect to the metric g, the so-called Lee vector field of the lcK structure, and by Jθ ♯ the anti-Lee vector field.
Remark 2.1. On an lcK manifold (M, g, J, θ), the following formula for the covariant derivative of J holds:
or, more explicitly, applied to any vector field Y ∈ X(M ):
2(∇ X J)(Y ) = θ(JY )X − θ(Y )JX + g(JX, Y )θ ♯ + g(X, Y )Jθ ♯ .
In particular, it follows that ∇ θ ♯ J = 0 and ∇ Jθ ♯ J = 0.
Remark 2.2. On an lcK manifold (M 2n , g, J, θ), a vector field X preserving the fundamental 2-form ω, also preserves the Lee form, i.e. L X ω = 0 implies L X θ = 0, as follows. As the differential and the Lie derivative with respect to a vector field commute to each other, e.g. by the Cartan formula, we obtain:
Since the map form Ω 1 (M ) to Ω 3 (M ) given by wedging with ω is injective, for complex dimension n ≥ 2, it follows that L X θ = 0.
We now recall the definition of Vaisman manifolds, which were first introduced and studied by I. Vaisman [25] , [26]: Definition 2.3. A Vaisman manifold is an lcK manifold (M, g, J, θ) admitting a metric in the conformal class, such that its Lee form is parallel, i.e. ∇θ = 0.
Note that on a compact lcK manifold, a metric with parallel Lee form θ, if it exists, is unique up to homothety in its conformal class and coincides with the so-called Gauduchon metric, i. e. the metric with co-closed Lee form: δθ = 0. In this paper, we scale any Vaisman metric g such that the norm of its Lee vector field θ ♯ , which is constant since θ is parallel, equals 1.
Definition 2.4. The automorphism group of a Vaisman manifold (M, g, J, θ) is denoted by a slight abuse of notation Aut(M ) := Aut(M, g, J, θ) and is defined as the group of conformal biholomorphisms:
We emphasize here that we define the group of automorphisms like for lcK manifolds, namely we do not ask for the automorphisms of a Vaisman manifold to be isometries of the Vaisman metric, but only to preserve its conformal class. Hence, the Lie algebra of Aut(M ) is:
We denote by isom(M ) and hol(M ) the Lie algebras of Killing vector fields with respect to the Vaisman metric g, respectively of holomorphic vector fields.
The following lemma collects some known properties of Vaisman manifolds that are used in the sequel.
Lemma 2.5. On a Vaisman manifold (M, J, g, θ), the Lee vector field θ ♯ and the anti-Lee vector field Jθ ♯ are both holomorphic Killing vector fields:
The Lee vector field θ ♯ and the anti-Lee vector field Jθ ♯ span a 1-dimensional complex Lie subalgebra of isom(M ) ∩ hol(M ), which moreover lies in the center of isom(M ) ∩ hol(M ). Thus, these vector fields give rise to the socalled canonical foliation F by 1-dimensional complex tori on a Vaisman manifold, which is a totally geodesic Riemannian foliation.
Proof. The following relation holds for any integrable complex structure J:
for all vector fields X. This shows that a vector field X is holomorphic if and only if JX is holomorphic. In particular, we obtain that Jθ ♯ is a holomorphic vector field, because θ ♯ is holomorphic. We now show that Jθ ♯ is a Killing vector field. By the formula in Remark 2.1, we obtain for Y = θ ♯ and X ∈ X(M ):
Hence, it follows that ∇Jθ ♯ = (∇J)(θ ♯ ) (since θ ♯ is parallel) is skew-symmetric:
Thus, Jθ ♯ is a Killing vector field of the Vaisman metric g. In particular, it follows:
Let X be a holomorphic Killing vector field. Thus, X also preserves the fundamental form ω and by Remark 2.2 it holds:
Since X is holomorphic, it also follows that
Recall that the cone over a Riemannian manifold (W, g W ) is defined as C(W ) := R × W with the metric g cone := 4e −2t (dt 2 + p * g W ), where t is the parameter on R and p : R × W → W is the projection on W . We denote the radial flow on the cone by φ, i.e. φ s : C(W ) → C(W ), φ s (t, w) := (t + s, w), for each s ∈ R. Note that this definition is equivalent, up to a constant factor 1 , to the more common definition in the literature, namely (R + × W, dr 2 + r 2 p * g W ) via the change of variable r := e −t .
We have the following result:
Proposition 2.6. For any complete Riemannian manifold (W, g W ), each homothety of the Riemannian cone
is of the form (t, w) → (t + ρ, ψ(w)), where e −2ρ is the dilatation factor and ψ is an isometry of (W, g W ).
In particular, all the isometries of the cone C(W ) come from isometries of W .
Proposition 2.6 is proved in [16] for the compact case, i.e. when (W, g W ) is a compact Riemannian manifold. In [5] , F. Belgun and A. Moroianu extended this result to the larger class of so-called cone-like manifolds. For the complete case, Proposition 2.6 can be proven as follows, after making, for convenience, the coordinate change r = 2e −t . It is known that the metric completion of the cone (R + × W, dr 2 + r 2 p * g W ) is a metric space obtained by adding a single point. It can further be showed that the incomplete geodesics of the cone are exactly its rays, r → (r, w), for any fixed w ∈ W . Since the image of an incomplete geodesic through any isometry is again an incomplete geodesic, it follows that each isometry ϕ of the cone preserves the radial vector field, i.e. ϕ * Altogether, this implies that ϕ has the following form: (r, w) → (r, ψ(w)), with ψ an isometry of W . The statement for the homotheties then also follows, by composing for instance any isometry with the following homothety of the cone: (r, w) → (e −ρ r, w), for some ρ ∈ R. Definition 2.7. A Sasaki structure on a Riemannian manifold (W, g W ) is a complex structure J on its cone C(W ), such that (g cone , J) is Kähler and for all λ ∈ R, the homotheties ρ λ : C(W ) → C(W ), ρ λ (t, w) := (t + λ, w) are holomorphic.
There are many equivalent definitions of a Sasaki structure, see e.g. the monography [7] . In particular, a Sasaki manifold W 2n+1 is endowed with a metric g W and a contact 1-form η (i.e. η ∧ (dη) n = 0), whose Reeb vector field ξ, which is defined by the equations η(ξ) = 1 and ι ξ dη = 0, is Killing. The restriction of the endomorphism Φ := ∇ g W ξ to the contact distribution ker(η) defines an integrable CR-structure. When needed, we may write a Sasaki structure by denoting all these data, as (W, g W , ξ, η, Φ). We recall also that an automorphism of a Sasaki manifold is an isometry which preserves the Reeb vector field (see e.g. [ Proposition 2.9. Let W be a Sasaki manifold and Γ be a group of biholomorphic homotheties of the Kähler cone C(W ), acting freely and properly discontinuously on C(W ), such that Γ commutes with the radial flow generated by ∂ ∂t . Then M := C(W )/Γ has a naturally induced Vaisman structure. Conversely, it is implicitly proved in the work [25] of I. Vaisman that the universal covering of a Vaisman manifold, endowed with the Kähler metric, is a cone over a Sasaki manifold. R. Gini, L. Ornea, M. Parton and P. Piccinni showed in [16] that this result is true for any presentation of a Vaisman manifold. Let us recall that a presentation of a locally conformally Kähler manifold is a pair (K, Γ), where K is a homothetic Kähler manifold, i.e. the Kähler metric is defined up to homotheties, and Γ is a discrete group of biholomorphic homotheties acting freely and properly discontinuously on K. To any presentation, there is a group homomorphism, which associates to each homothety, its dilatation factor, ρ K : Γ → R + , such that γ * (g K ) = ρ K (γ)g K , for any γ ∈ Γ, where g K is the Kähler metric (up to homothety) on K. The maximal presentation is the universal covering ( M , π 1 (M )) of the lcK manifold M and the minimal presentation or minimal covering is given by
Hence, each γ ∈ Γ min \ {id} acts as a proper homothety on ( M , g K ), i.e. γ is not an isometry: ρ M (γ) = 1. We can now state the following consequence of [16, Theorem 4 
.2]:
Proposition 2.10. The minimal (resp. universal) covering of a Vaisman manifold (M, g, J, θ) is biholomorphic and conformal to the Kähler cone of a Sasaki manifold and Γ min (resp. π 1 (M )) acts on the cone by biholomorphic homotheties with respect to the Kähler cone metric.
Remark 2.11. On the minimal covering M of an lcK manifold (M, g, J, θ), the pull-backθ of the Lee form is exact. This property is clearly true on the universal covering M , since the pull-back of θ is still closed, hence exact: θ = df , as M is simply-connected. The minimal covering is obtained from the universal covering by quotiening out the isometries (of the Kähler metric e −fg on M ) in π 1 (M ). Therefore, the function f projects onto a function f ∈ C ∞ ( M ), such thatθ = df .
Twisted Hamiltonian Actions on lcK manifolds
Let (M, g, J, θ) be an lcK manifold. We consider d θ , the so-called twisted differential, defined by: 
The following relation holds, for any X ∈ X(M ):
as follows from the following direct computation:
of twisted Hamiltonian vector fields is that of vector fields on M admitting such a presentation.
We remark that the notion of twisted Hamiltonian vector field is invariant under conformal changes of the metric, even though the function associated to a twisted Hamiltonian vector field changes by the conformal factor. More precisely, if g ′ = e α g, then ω ′ = e α ω, θ ′ = θ + dα and the following relation holds
Lemma 3.2. Twisted Hamiltonian vector fields on an lcK manifold (M, g, J, θ) have the following properties:
(i) ∀X ∈ Ham θ (M ) the following relations hold:
Hamiltonian vector fields do not leave invariant the fundamental form ω, but conformally invariant, i.e. for all X ∈ Ham θ (M ):
Proof. (i) follows directly by the Cartan formula.
(ii) This can be seen as follows:
where f is the constant function equal to −1. However, the Lee vector field θ ♯ is not twisted Hamiltonian, since the 1-form ι θ ♯ ω is not even d θ -closed:
The twisted Poisson bracket on C ∞ (M ) is defined by:
and it turns C ∞ (M ) into a Lie algebra. Hence, the following equality holds:
Recall that for any action of a Lie group G on a manifold M , and for any X in the Lie algebra of G, it is naturally associated the so-called fundamental vector field
where exp : g → G is the exponential map of the group G and " · " denotes the action of G on M . We identify the elements of the Lie algebra with the induced fundamental vector fields, when there is no ambiguity. 
such that ι X ω = d θ µ X , for all fundamental vector fields X ∈ g. This means that the twisted Hamiltonian vector field associated to µ X := µ(X) is exactly the vector field X. The condition here is that all fundamental vector fields are twisted Hamiltonian: g ⊆ Ham θ (M ).
• twisted Hamiltonian if the map µ can be chosen to be a Lie algebra homomorphism with respect to the Poisson bracket defined in (6) . In this case the Lie algebra homomorphism µ is called a momentum map for the action of G. The map µ may equivalently be considered as the map:
The condition on µ : g → C ∞ (M ) to be a homomorphism of Lie algebras is equivalent to µ : M → g * being equivariant with respect to the adjoint action on g * , the dual of the Lie algebra of G.
Remark 3.4. The property of an action to be twisted Hamiltonian is a property of the conformal structure, even though the Poisson structure on
We define toric lcK manifolds by analogy to other toric geometries, as follows:
Definition 3.5. A connected locally conformally Kähler manifold (M, [g], J) of dimension 2n equipped with an effective holomorphic and twisted Hamiltonian action of the standard (real) n-dimensional torus T n :
is called a toric locally conformally Kähler manifold.
Remark 3.6. Let (M, g, J, θ) be a Vaisman manifold. Let π : M → M be the universal covering of M . We still denote by J the induced complex structure on M . Since π * θ is closed and M simply-connected, it follows that it is also exact, i.e. there exists h ∈ C ∞ ( M ) such that π * θ = dh. We define the following metric and associated fundamental form on M , which build a Kähler structure:
This can be showed as follows:
A twisted Hamiltonian G-action on (M, g, J, ω) is equivalent to a Hamiltonian G 0 -action on the Kähler manifold ( M ,g, J, ω), where G 0 denotes the identity component of the universal covering of G. To check this it is sufficient to consider the infinitesimal action of the Lie algebra g. We identify X ∈ g = Lie(G) with its associated fundamental vector field on M .
Then, the fundamental vector field associated to g = Lie( G) equals π * X. If µ : g → C ∞ (M ) is the momentum map of the twisted Hamiltonian action of G on M , then the map
is the momentum map of the Hamiltonian action of G on M with respect to the Kähler form ω. In fact, for any X ∈ g, we have ι X ω = d θ µ X , by definition of a twisted Hamiltonian action. We now compute on M :
Since µ is a homomorphism of Poisson algebras, the same holds for µ.
Toric Vaisman manifolds
In this section (M, g, J, θ) denotes a Vaisman manifold.
Remark 4.1. Let X be a holomorphic Killing vector field on a Vaisman manifold (M, J, g, θ). 
Proof. By assumption we have:
Since X is a holomorphic vector field, we have L X J = 0. From the following relation between the Lie derivatives:
it follows that L X g = θ(X)g. Hence, X is a conformal vector field.
In order to show that X is a Killing vector field, we consider the universal covering M of M , which by Proposition 2.10, is biholomorphic conformal to the Kähler cone (C( W ), 4e −2t (dt 2 + p * g W )) over a Sasaki manifold ( W , g W ).
The lift of X to M , denoted by X, is a conformal Killing vector field with respect to the pull-back metricg := π * g, where π denotes the natural projection from M to M . Moreover, we claim that X is a Killing vector field with respect to the Kähler cone metric g K , as the following computation shows:
where we used that π * θ = 2dt. Let us note, that by the theorem of Hopf-Rinow, the assumption on (M, g) to be complete implies that ( M ,g) is complete and further that also ( W , g W ) is complete. Thus, applying Proposition 2.6, it follows that all Killing vector fields of the cone metric on C( W ) are projectable onto Killing vector fields of the Sasaki metric g W on W . In particular, it follows that X,
From L X g = θ(X)g and [X, θ ♯ ] = 0, it follows:
where the last equality is obtained by Cartan formula. This identity applied to θ ♯ yields θ ♯ (θ(X)) = θ(X). On the other hand, we compute:
since again by the Cartan formula, we have L θ ♯ θ = dι θ ♯ θ = 0. Therefore, we obtain θ(X) = 0. Hence, X is a Killing vector field of g and is orthogonal to θ ♯ . The next result shows that an action preserving the whole Vaisman structure is automatically twisted hamiltonian. Moreover, it shows that the momentum map is given by the anti-Lee 1-form. More precisely, we have: Lemma 4.4. Let (M, g, J, θ) be a Vaisman manifold and X be a holomorphic Killing vector field on M , which is in the kernel of θ. Then X is a twisted Hamiltonian vector field with Hamiltonian function f := Jθ(X), i.e. the following equality holds:
Proof. We compute the differential of f as follows: (7) df
since θ(X) = 0, |θ| = 1 and ∇X is skew-symmetric. Note that
since X preserves θ and J, and θ is parallel. Substituting in (7), we obtain
We consider now toric Vaisman manifolds, as a special class of toric lcK manifolds, cf. Definition 3.5. In particular, on a toric Vaisman manifold, by Lemma 4.2, the following inclusions hold:
where t n denotes the Lie algebra of T n . Moreover, we show the following:
Lemma 4.7. On a toric Vaisman manifold (M 2n , g, J, θ), the anti-Lee vector field is part of the twisted Hamiltonian torus action, i.e. Jθ ♯ ∈ t n .
Proof. We argue by contradiction and assume that Jθ ♯ / ∈ t n . By Remark 4.6, n is the maximal dimension of a torus acting effectively and twisted Hamiltonian on a 2n-dimensional Vaisman manifold. Hence, it suffices to show that t n ∪ {Jθ ♯ } is still an abelian Lie algebra acting twisted Hamiltonian on (M, g, J). This is a consequence of Lemma 3.2, (ii), stating that Jθ ♯ ∈ Ham θ M , and of Lemma 2.5, where it is shown that Jθ ♯ is in the center of aut(M ), so in particular commutes with all elements of t n ⊂ aut(M ).
Example 4.8. The standard example of a Vaisman manifold is S 1 × S 2n−1 , endowed with the complex structure and metric induced by the diffeomorphism Ψ :
where [z] = [z ′ ] if and only if there exists k ∈ Z such that z ′ = e 2πk z. The Hermitian metric dz j ⊗dz j |z| 2 on C n \ {0} is invariant under the action of Z and hence it descends to a Hermitian metric on C n \ {0}/Z, with
defining the lcK metric, 2-fundamental form and Lee form respectively. The Lee form θ is parallel, hence S 1 × S 2n−1 is Vaisman. We define the following
. It is easy to check that it is effective and holomorphic. A basis of fundamental vector fields of the action is given by
, for j ∈ {1, . . . , n}. Therefore, we have
which shows that the action is also twisted Hamiltonian, with momentum map µ X j ([z]) := |z j | 2 |z| 2 . Hence, S 1 × S 2n−1 is a toric Vaisman manifold. We are now ready to state our result: Theorem 4.9. Let (M 2n , J, g, θ) be a complete Vaisman manifold and W 2n−1 be its associated Sasaki manifold, such that the minimal covering M of M is biholomorphic and conformal to the Kähler cone over W . If M is a toric Vaisman manifold, then W is a toric Sasaki manifold.
Proof. Let π : M → M denote the projection of the minimal covering. M is naturally endowed with the pullback metricĝ := π * g and the complex structure J , such that π is a local isometric biholomorphism. By Proposition 2.10, we know that M = C(W ), where (W, g W , ξ, η, Φ) is a complete Sasaki manifold and C(W ) = R × W is its cone. By this identification, the lift of the 1-form θ, which is exact on M cf. Remark 2.11, equals 2dt, where t is the coordinate of the factor R. Moreover, the relationship between the induced metricĝ and the Kähler cone metric g K := g cone = 4e −2t (dt 2 + p * g W ) is the following:ĝ = e 2t g K = 4(dt 2 + p * g W ). The complex structure J coincides with the usual complex structure induced by the Sasaki structure on the Kähler cone, i.e. J(p * ξ) = ∂ ∂t and J( ∂ ∂t ) = −p * ξ and J coincides with the transverse complex structure Φ on the horizontal distribution ξ ⊥ in TW .
By assumption, the Vaisman manifold M 2n is toric, hence it is equipped with an effective twisted Hamiltonian action τ : T n → Diff(M ).
By Lemma 4.7, Jθ ♯ ∈ t n , hence we may choose a basis X 1 , . . . , X n of the Lie algebra t n ∼ = R n , such that the fundamental vector field on M associated to X 1 is −2Jθ ♯ . For simplicity, we still denote the induced fundamental vector fields of the action by X j ∈ X(M ), for 1 ≤ j ≤ n. From Remark 2.2 and Lemma 4.2, it follows that [X j , θ ♯ ] = 0, for all j. Moreover, Lemma 4.2 implies that g(X j , θ ♯ ) = 0, for all j.
Since π is a local diffeomorphism, we can lift each vector field X j uniquely to a vector field X j on M . As X j commute pairwise, the same is true for their lifts, i.e. we have [ X j , X k ] = 0, for all 1 ≤ j, k ≤ n. Note that the lift of θ ♯ to M equals (π * θ) ♯,ĝ , i.e. the dual of π * θ = 2dt with respect to the metricg. Thus, θ ♯ = 1 2 ∂ ∂t . Hence, X 1 , which is the lift to the universal covering of −2Jθ ♯ , equals
It is then clear, that X 1 projects through p on W to ξ. In fact, each lift X j is projectable onto vector fields on W , since they are constant along R: ∂ ∂t , X j = 2 θ ♯ , X j = 2 [θ ♯ , X j ] = 0, for all 1 ≤ j ≤ n. We denote their projections by Y j := p * X j ∈ X(W ), for all 1 ≤ j ≤ n. In particular, Y 1 equals the Reeb vector field ξ. We remark that the vector fields {Y 1 , . . . , Y n } commute pairwise and are complete. Thus, they give rise to an effective action τ W : R n → Diff(W ).
We show next that this action acts by automorphisms of the Sasaki structure, i.e. the vector fields {Y 1 , . . . , Y n } preserve (g W , ξ, η, Φ). More precisely, it is sufficient to show that they are Killing vector fields, since they commute with Y 1 = ξ. The torus action τ on the Vaisman manifold is by isometries, cf. Lemma 4.2, so each vector field X j is Killing with respect to the Vaisman metric g. The projection π being a local isometry between ( M ,ĝ) and (M, g), it follows that each lift X j is a Killing vector field with respect to the metricĝ = 4(dt 2 + p * g W ), hence their projections onto (W, g W ) are still Killing vector fields with respect to the Sasaki metric g W .
In order to conclude that W is a toric Sasaki manifold, we need to argue why the action τ W of R n on W naturally induces an action of the torus T n on W . For this, it is enough to show that for each X ∈ t n with the associated fundamental vector on M having closed orbits of the same period, also its lift X has the same property. Let Ψ s and Ψ s denote the flow of X, resp. of X. We assume that all the orbits of X close after time s = 1, i.e. Ψ 1 (x) = x, for all x ∈ M . Then, since π • Ψ s = Ψ s • π, for all values of s, it follows that for each (t, w) ∈ M , we have π((t, w)) = π (Ψ 1 (t, w) ), so there exists γ ∈ Γ min , such that Ψ 1 (t, w) = γ · (t, w). A priori γ may depend on the choice of (t, w), but since the function defined in this way would be continuous with values in the discrete group Γ min , it must be constant. On the other hand, X is a Killing vector field with respect to the Kähler metric g K = e −2tĝ (since, as shown above, X is Killing with respect to the pull-backĝ of the Vaisman metric and it also leaves invariant the conformal factor, as θ(X) = 0 implies dt( X) = 0). Applying Proposition 2.6, we have Ψ 1 (t, w) = (t, ψ(w)), where ψ is an isometry of W . Hence, for all (t, w) ∈ M , we have: γ · (t, w) = (t, ψ(w)), in particular γ acts as an isometry of the Kähler metric. As γ ∈ Γ min , it follows from the definition of Γ min that γ = id. We conclude that all orbits of X are also closed with the same period.
Remark 4.10. The argument in the proof of Theorem 4.9 also applies to the universal covering of a toric complete Vaisman manifold, showing that it carries an effective holomorphic Hamiltonian action of R n , i.e. a completely integrable Hamiltonian system, with respect to its Kähler structure.
Conversely, we show: Theorem 4.11. Let (W 2n−1 , g W , ξ, η, Φ) be a toric complete Sasaki manifold with the effective torus action τ : T n → Diff(W ). Let Γ be a discrete group of biholomophic homotheties acting freely and properly discontinuously on the Kähler cone (C(W ), 4e −2t (dt 2 +p * g W )) and hence inducing a Vaisman structure on the quotient M := C(W )/Γ. If the action τ , which is extended to C(W ) acting trivially on R, commutes with Γ, then M is a toric Vaisman manifold.
Proof. Let π denote the projection corresponding to the action of the group Γ, π : C(W ) → M = C(W )/Γ. We still denote by τ the extension of the T n -action on R × W , obtained by letting T n act trivially on R. The assumption on this action to commute with the group Γ, ensures that it naturally projects onto a T n -action on the quotient M , that we denote byτ : T n → Diff(M ). In order to show that M is a toric Vaisman manifold, we need to check that this action is effective, holomorphic and twisted Hamiltonian with respect to the induced Vaisman structure on M 2n , that we denote by (g, J, θ). For this, we study the induced fundamental vector fields of the action.
We recall that through π, the exact form 2dt projects to the Lee form θ of the induced Vaisman structure on the quotient M , the vector field projects to the Lee vector field θ ♯ and hence, p * ξ = −J( ∂ ∂t ) projects to −2Jθ ♯ . We also know that the metric which projects onto the Vaisman metric g is the product metric 4(dt 2 + g W ).
By assumption, the action τ : T n → Diff(W ) preserves the Sasaki structure and has the property that ξ ∈ t n . We choose a basis X 1 , . . . , X n of the Lie algebra t n ∼ = R n , such that the fundamental vector field on M associated to X 1 is − 1 2 ξ. We still denote the induced fundamental vector fields of the action by X j ∈ X(W ), for 1 ≤ j ≤ n. We consider the pull-back of these vector fields on C(W ) = R × W through the projection p : R × W → W , Y j := p * X j , for 1 ≤ j ≤ n. Hence, Y 1 = −p * ( 1 2 ξ) projects through π to Jθ ♯ , which is a Killing vector field with respect to the Vaisman metric g. We claim that this property is true for all vector fields Y j . First we notice that each Y j is projectable through π, because of the hypothesis on the action of T n on R × W to commute with Γ. We denote the projected vector fields by Y j := π * Y j . In fact, by construction, the vector fields {Y 1 , . . . , Y n } are exactly the fundamental vector fields of the actionτ corresponding to the fixed basis {X 1 , . . . , X n } of t n . As each X j is a Killing vector field with respect to the Sasaki metric g W , it follows that Y j = p * X j is a Killing vector field with respect to the product metric 4(dt 2 + g W ) on R × W . Since π is a local isometry between (R × W, 4(dt 2 + g W )) and (M, g), the vector fields Y j are still Killing with respect to g.
The same argument works in order to show that Y j is a holomorphic vector field on the Vaisman manifold (M, g, J, θ). Namely, we use that π is a local biholomorphism and that Y j = p * X j is a holomorphic vector field with respect to the induced holomorphic structure J K on the cone C(W ). The last statement follows from the following straightforward computation:
where X is any vector field of the contact distribution of W , i.e. X is orthogonal to ξ. The Kähler form of the Kähler cone is on the one hand given by: ω K = e −2t π * ω, where ω is the fundamental 2-form of the Vaisman structure: ω = g(·, J·), and on the other hand, it is exact and equals 2d(e −2t p * η), where η is the 1-form of the Sasaki structure on W . We recall that any action preserving the Sasaki structure is automatically hamiltonian with momentum map obtained by pairing with the opposite of the 1-form η, i.e. for any Killing vector field X commuting with ξ, we have:
The induced action on the Kähler cone is also hamiltonian. More precisely, the following equation holds, for X as above:
since L X (e −2t η) = 0. We compute for each 1 ≤ j ≤ n:
We now notice that the function η(X j )•p is invariant under the action of the group Γ. This is due, on the one hand, to the fact that X j is a fundamental vector field associated to the torus action, which by assumption commutes with Γ. On the other hand, η equals the projection on W of J K (dt) and Γ acts by biholomorphisms with respect to J K and by homotheties with respect to the cone metric, hence it automatically commutes with the radial flow φ s , cf. Proposition 2.6. We denote the projection of the function
. Hence, the right hand side of (8) is projectable through π and we obtain on M :
showing that the torus actionτ defined above is twisted Hamiltonian with momentum map defined by µ :
, where X M is the fundamental vector field associated to X through the actionτ .
Toric Compact Regular Vaisman manifolds
We consider in this section the special case of a strongly compact regular Vaisman manifold and show that it is toric if and only if the Kähler quotient is toric.
Recall that a Vaisman manifold (M, g, J, θ) is called regular if the 1-dimensional distribution spanned by the Lee vector field θ ♯ is regular, meaning that θ ♯ gives rise to an S 1 -action on M , and it is called strongly regular if both the Lee and anti-Lee vector field give rise to an S 1 -action. Proof. Let (M, g, J) be a strictly regular compact Vaisman manifold with Lee vector field θ ♯ and let π : M → M denote the projection onto the quotient manifold. By definition, each of the vector fields θ ♯ and Jθ ♯ gives rise to a circle action, which by Lemma 2.5 are both holomorphic and isometric. In this case, the metric g and the complex structure J descends through π to the quotient manifold M and it is a well-known result that (M ,ḡ,J ) is a compact Hodge manifold and π is a Riemannian submersion. Moreover, the curvature form of the connection 1-form θ − iJθ of the principal bundle π : M → M projects onto the Kähler form ω of M . For details on these results see e.g. [26] or [11, Theorem 6.3] .
Let us first assume that (M 2n , g, J) is a compact toric Vaisman manifold, i.e. there is an effective twisted Hamiltonian holomorphic action τ : T n → Diff(M ) with momentum map µ : M → R n . We show that there is a naturally induced effective Hamiltonian action on the compact Kähler quotient,τ : T n−1 → Diff(M ), where T n−1 is the torus obtained from T n by quotiening out the direction corresponding to the circle action of Jθ ♯ , which by Lemma 4.7 lies in the torus. Hence, by the definition of T n−1 , we have the following relation between the Lie algebras of the corresponding tori: t n = t n−1 ⊕ Jθ ♯ . Since {θ ♯ , Jθ ♯ } is included in the center of aut(M ), cf. Lemma 2.5, it follows that the action of T n on M naturally descends through π to an action on the quotient M = M/{θ ♯ , Jθ ♯ }. By Remark 4.5, the action of T n on (M, g, J) is both holomorphic and isometric. Thus, the action induced by T n on (M ,ḡ,J) is also isometric and holomorphic. This can be checked as follows. By the definition of the induced action, the fundamental vector fields X M and X M , associated to the action of any X ∈ t n on M , respectively on M , are related by π * (X M ) = X M . Since the Lie derivative commutes with the pull-back,
and similarly we obtain L X MJ = 0. This action of T n on M is not effective, since it is trivial in the direction of the anti-Lee vector field Jθ ♯ ∈ t n . However, as θ ♯ / ∈ t n by Lemma 4.2, it follows that the restriction of this action to the above defined "complementary" torus T n−1 of Jθ ♯ in T n is effective. We denote it byτ : T n−1 → Diff(M ) and we only need to check that it is a Hamiltonian action on the symplectic manifold (M , ω). For this, we consider the map p • µ : M → R n−1 , where p : R n → R n−1 denotes the projection from t n to t n−1 , corresponding to quotiening out Jθ ♯ , through the identification of the deals of the Lie algebras of T n and T n−1 with R n , respectively R n−1 . It follows that for any X ∈ t n−1 , the function (p • µ)(X) : M → R is invariant under the action of θ ♯ and of Jθ ♯ , hence it is projectable through π onto a function on M , which we denoteμ X . It turns out thatμ is the momentum map of the actionτ . In order to show this, letx ∈ M , Y ∈ TxM , choose x ∈ M with π(x) =x and let Y := (d x π| θ ♯ ,Jθ ♯ ⊥ ) −1 (Y ). We compute at the pointx, for all X ∈ t n−1 : (ι X M ω)(Y ) = (π * ω)(π * X M , π * Y ) and on the other hand:
thus proving that ι X M ω = dμ X , for all X ∈ t n−1 . Note that by definitionμ inherits from µ the property of being a Lie algebra homomorphism from R n−1 endowed with the trivial Lie bracket to C ∞ (M ) endowed with the Poisson bracket. Concluding, we have shown that the induced action τ : T n−1 → Diff(M ) is an effective holomorphic Hamiltonian action on M , so (M ,ḡ,J ) is a compact Kähler toric manifold. Conversely, let us assume that (M 2n , g, J) is a strictly regular compact Vaisman manifold, such that the Kähler quotient (M ,ḡ,J ) is a toric Kähler manifold. We show that (M, g, J) is then a toric Vaisman manifold. By assumption, M 2n−2 is equipped with an effective Hamiltonian holomorphic action of T n−1 , which we denote byτ : T n−1 → Diff(M ). We also denote bȳ µ : M → R n−1 one of the momentum maps of this action, which is unique up to an additive constant. Let X 1 , . . . , X n−1 be a basis of the Lie algebra t n−1 ∼ = R n−1 and f j := µ X j the corresponding Hamiltonian functions on M , i.e. ι X j ω = df j , for j ∈ {1, . . . , n}, where for simplicity we denote the fundamental vector fields of the action on M by X j = X M j ∈ X(M ). We now consider the horizontal distribution D defined for each x ∈ M by 
), for j ∈ {1, . . . , n}. Each vector field Y j is complete and thus gives rise to an action of R on M . In the sequel, we modify them in the direction of Jθ ♯ in order to obtain the lifted torus action on M .
Step 1. We first show that each of these vector fields commutes with θ ♯ and with Jθ ♯ and preserves the distribution D, since it leaves invariant both 1-forms θ and Jθ. Namely, we compute for 1 ≤ j ≤ n − 1:
where we use that all functions f j • π and all horizontal lifts Y j are by definition constant along the flows of θ ♯ and of Jθ ♯ . We further obtain by applying the Cartan formula:
since θ is closed and Z j is by definition in the kernel of θ. Since the curvature of the connection 1-form of the principal bundle π : M → M projects onto the Kähler form ω, we obtain:
Indeed, in order to obtain this last equality it was necessary to perturb the horizontal lifts Y j in the direction of Jθ ♯ . We claim that the set {Z 1 , · · · , Z n−1 } gives rise to an effective action of R n−1 on M . For this, it is sufficient to check that all their Lie brackets vanish, so they are commuting vector fields. The property of being an effective action is a consequence of the effectiveness of the action of T n−1 on M . For each j, k ∈ {1, . . . , n − 1} we compute:
where by * is denoted the horizontal lift to the distribution D of a vector field on M . For the above equalities we used again that Jθ ♯ (f j • π) = 0 and [Y j , Jθ ♯ ] = 0, for all 1 ≤ j ≤ n − 1, as well as the fact that the curvature of the connection 1-form of the principal bundle equals π * ω. Note that the last equality in (10) follows from the commutation of the vector fields X j induced by the torus action and from the property of the momentum map µ : R n−1 → C ∞ (M ) of being a Lie algebra homomorphism, where C ∞ (M ) is endowed with the Poisson bracket. Hence, for any j, k, the following relations hold:
Step 2. We now check that the above defined action of R n−1 on M is holomorphic, isometric and twisted Hamiltonian. For each 1 ≤ j ≤ n − 1, Z j is a holomorphic vector field by the following computation, which uses the commutation relations from (9):
and since for each projectable horizontal vector field Y ∈ Γ(D) with
where we use that by definition J is the projection of J, so JY = (J Y ) * , as well as the equalities [Jθ ♯ , JY ] = J[Jθ ♯ , Y ], following from the fact that Jθ ♯ is a holomorphic vector field, cf. Lemma 2.5. A similar computation yields that L Z j g = 0, for 1 ≤ j ≤ n − 1, showing that each Z j is a Killing vector field on M with respect to g. We further compute for each j ∈ {1, . . . , n−1}:
by taking into account that ω = π * ω − θ ∧ Jθ. This proves that each vector field Z j is twisted Hamiltonian with respect to ω with Hamiltonian function f j • π. Altogether, we have shown that the action of R n−1 defined by the vector fields Z 1 , . . . , Z j respects the whole Vaisman structure (g, J, ω) and is twisted Hamiltonian with momentum map µ : R n−1 → C ∞ (M ), defined by µ X j :=μ X j • π, for 1 ≤ j ≤ n − 1. We also remark that µ is a Lie algebra homomorphism for C ∞ (M ) endowed with the Poisson bracket defined by (6), asμ is a Lie algebra homomorphism and the Poisson brackets are compatible through π. More precisely, we have for all j, k ∈ {1, . . . , n − 1}:
Step 3. Next we show that the freedom in choosing the momentum map µ of M up to an additive constant in R n−1 allows us to make the above defined action of R n−1 on M into an action of T n−1 = S 1 × · · · × S 1 on M , thus lifting the action of T n−1 on M . It is enough to establish this result for one direction and then apply it independently for each of the directions X j , j ∈ {1, . . . , n − 1}. The argument can be found in [13] , Section 7.5., in the more general setting of lifting S 1 -actions to Hermitian complex line bundles equipped with a C-linear connection, whose curvature form is preserved by the circle action and in which case the property of being Hamiltonian is with respect to the closed curvature 2-form, which is not assumed to be symplectic. For the convenience of the reader we sketch here this argument using the above notation. Let X be a vector field on M which generates an S 1 -action, whose orbits are assumed to have period 1. One considers the flow Φ s of the horizontal lift of X to M/{θ ♯ }, which then satisfies: Φ 1 (x) = ζ(x) · x, for all x ∈ M/{θ ♯ }, wherex is the projection of x on M and ζ : M → S 1 . The main step is to show that ζ is constant. This follows from the following formula Φ 1 · V = V − i dζ(V )
ζ Jθ ♯ , for all V ∈ X(M ) and V its horizontal lift to M/{θ ♯ }, and from the fact that Φ s preserves the horizontal distribution for all values of s. An S 1 -action on M/{θ ♯ } lifts to an S 1 -action on M , since θ is closed, so its kernel defines an integrable distribution on M . Applied to our case, this result yields that for each 1 ≤ j ≤ n − 1, the Hamiltonian function f j ∈ C ∞ (M ) may be chosen (by adding an appropriate real constant, determined by ζ, which is well-defined up to an additive integer), such that the vector field Z j = Y j − (f j • π) · Jθ ♯ is the generator of an S 1 -action on M , where Y j denotes the horizontal lift of X j .
Since Jθ ♯ is a Killing, holomorphic, twisted Hamiltonian vector field lying in the center of aut(M ), cf. Lemma 2.5 and Lemma 3.2, it follows that the circle action induced by Jθ ♯ commutes with the circle actions induced by the above defined action of T n−1 on M , thus giving rise together to an effective holomorphic twisted Hamiltonian action of T n on (M 2n , g, J), showing that this is a toric Vaisman manifold.
Applying this result to the Vaisman manifold S 1 × S 2n−1 as described in Example 4.8, which is strongly regular, as θ ♯ is the tangent vector to the S 1 factor and Jθ ♯ is tangent to the Hopf action on S 2n−1 . This action commutes with the torus action defined in Example 4.8. It follows that this T n -action descends to the quotient (S 1 × S 2n−1 )/{θ ♯ , Jθ ♯ } ≃ CP n .
Remark 5.2. If (M 2n , g, J) is a regular compact Vaisman manifold, then the proof of Theorem 5.1 also shows that the following equivalence holds: M is a toric Vaisman manifold if and only if M/{θ ♯ } is a toric Sasaki manifold. Again, this statement is only about the toric structure, since it is well-known that the quotient manifold is Sasaki (see e.g.
[26] or [11] ).
We note that the proofs of the theorems of the last two sections are both constructive, showing that the torus actions on the Sasaki (respectively Kähler) manifold and on the Vaisman manifold naturally induce one another.
